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The applications of the general and reduced Yangian Y{sl{2)) and Y{su{3)) algebras are 
discussed. By taking a special constraint, the representation of Y{sl{2)) and Y{su{3)) can be 
divided into two 2x2 and three 3x3 blocks diagonal respectively. The general and reduced 
Yangian Y{sl{2)) and Y{su{3)) are applied to the bi-qubit system and the mixed light pseudoscalar 
meson state, respectively. We can find that the general ones are not able to make the initial states 
disentangled by acting on the initial states, however the reduced ones are able to make the initial 
state disentangled. In addition, we show the effects of Y{su{3)) generators on the the decay channel. 
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I. INTRODUCTION 

Quantum entanglement, a nonlocal correlation, is of 
crucial importance in quantum computation [l[ , quan- 
tum teleportation [2], dense coding [3] and quantum 
key distribution [j]. However, in a real system, the de- 
terioration of the coherence or even the decoherence 
and disentanglement due to the interaction with its 
surroundings, which is recognized as a main obstacle 
to realize quantum computing Q and quantum infor- 
mation processing (QIP) have to be taken into 
account in the researches in the field of quantum in- 
formation. Earlier studies had indicated that entan- 
glement decays exponentially until T. Yu sug- 
gested that entanglement decays completely in finite 
time and called for concerted effect to research en- 
tanglement sudden death For example, different 
systems 11- 1^ and realizations in experiment [14, isj 
provide theoretical guidance to practical application 
of controlling entanglement. 

in the last decades, Yangian algebras associated 
with simple Lie algebras has been studied system- 
atically in both mathematics and physics, and have 
many applications through spin operators and quan- 
tum fields [lB-[l3. There have been some remark- 
able successes in studying the long-ranged interac- 
tion models by Yangian approaches (19n24j in which 
the Haldane-Shastry model was regarded as the rep- 
resentative of the spin chain su(n) with long-range 
interaction [llj. Recently, Yangian Y(sl{2)) and 
Y{su{3}) have been studied for quantum entangle- 
ment [23, [i^. In addition, Yangian F(sm(3)) alge- 
bra has been demonstrated to be able to realize the 
hadronic decay channels of light pseudoscalar mesons 
and predict a possible explanation of the unknown 
particle X in the decay channel — 
In this paper, the influence of transition operators 
composed of the generators of Yangian Y{sl{2)) and 
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Y{su{3)) on the entanglement degrees of two-qubit 
system and the mixed light pseudoscalar meson states 
are discussed in the cases of the general and reduced 
Yangian algebras respectively. 

In this work, we will study the effects of the genera- 
tors of Yangian Y{sl{2)) on the entanglement degrees 
of two-qubit system in two cases: the general and re- 
duced Yangian. Then we will use the similar method 
in [2^ to make the Y{su{5)) algebra reduced by taking 
a special constraint, namely, the Y{su{3)) algebra be- 
comes the block-diagonal form. Finally, we would like 
to discuss the applications of the general and reduced 
Yangian Y{su{3)) algebras to the mixed light pseu- 
doscalar meson states. And also, some examples are 
presented to compare the effect of the transition op- 
erators of the general Yangian algebras with reduced 
ones on the entanglement degrees. Results show that 
the generators of the reduced Yangian algebras can 
make the final states disentangled, while the general 
ones can not make it disentangled under the same con- 
dition. 

The paper is organized as follows. In Sec. 11, the ap- 
plications of the general and reduced Yangian Y{sl{2)) 
algebra in the Bi-qubit system are discussed, and the 
main results are presented. In Sec. Ill, The reduced 
Yangian Y{su{3)) algebras is obtained by taking a 
special constraint. Sec. IV presents the applications 
of the general and reduced Yangian Y{su{3)) Algebra 
in the mixed light pseudoscalar meson states. In Sec. 
V, conclusions are presented. 



II. THE APPLICATIONS OF YANGIAN 
Y{sl{2)) ALGEBRA IN THE BI-QUBIT SYSTEM 

To compare the effects of the general and the re- 
duced Y{sl{2)) on the Bi-qubit system, we will firstly 
reduce the general Y{sl{2)) to the reduced one, then 
show the effects of them on the entanglement of the 
Bi-qubit system. 

The Yangian Y{sl{2)) is generated by the genera- 
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tors {la, Ja} with the commutation relation |29| : 

[la, Ip] = iealS-rl-y, [la, Jfl] — if^a^yJ-/ [a, P , ^ = I, '2, 

where the {la} form a simple Lie algebra sl{2) char- 
acterized by ea/s-y and 

[J±, [J3, J±]] - ^I±{J±h - /± J3), 

where /i is the deformation parameter and the nota- 
tions I± = /izbi/2 and J± = Ji±iJ2. 

Now let us consider a bi-spin system, the realization 
of generators of Y{sl{2)) take the form of |29| 



I=S=Sx 



J = 



-Si 



iA 



^1 X ^2, 



(1) 



(2) 



where S^, S2 are the spin-^ operators and /i, v and A 
are arbitrary parameters. / is the total spin operator 
satisfying [If,!!-] = ieabJtSi,, {hi = 1,2). 

With a special constraint relation = (28| . 
we can get = |, [Ja, Jb] — i^abcJc- Similarity trans- 
formations of the generators can be made by the use 
of the matrix r who takes the form of 







4^ 





(3) 



After the similarity transformations, the generators 
become 



Y+=T-\J+T = 



2 





-1^+ 



Y- 



Y'' 



(4) 



where £_=v — ^A and a are pauli matrices. {Y°^,a — 
±, 3} reduce to two 2x2 blocks diagonal and 4x4 
matrix is essentially the 4-dimension representation of 
sl{2) algebra, so it is marked as the reduced Y{sl{2)) 
algebra in this case. 

We will study the effects of the Y{sl{2)) algebra 
generators on the entanglement degree of Bi-qubit sys- 
tem as follows. 

For an arbitrary two-qubit pure state |$) = 
aoo|00) + aoi|01) + aio|10) + aii|ll), where aoo, aoi, 
aio, and an are the normalized complex amplitudes, 
the concurrence (the measurement of entanglement) 
C is given by [s^l 



C — 2|aooaii — aoiaio] and < C < 1. 



(5) 



with the maximally entangled state (MES) C = 1 and 
the separable state C = 0. Of course, we can construct 
Another general state as the initial state 



V2 



[a(|00) + |ll)) + /3(|01) + |10))] (6) 



where jap -I- = 1. 

The concurrence C of the initial state is 



C 



(7) 



By making use of the transition characteristic of Yan- 
gian operators J' and {i = +, — , 3) 2^ 31 1, we can 
construct transition operators P, which can make the 
initial state transit another state 



[<f>i 



(8) 



To illustrate the relation of every transition operator 
versus the concurrence, we will discuss two cases as 
follows. 

(i) The general Y{sl(2)) 

Due to the transition effect of Yangian generators, 
transition operators P can be constructed as compo- 
sitions of Yangian Y{sl{2)) generators. 

(a) Let us first take the transition operator 



Pi = J' 



(9) 



which is composed of the general Yangian Y{sl{2)) 
generators. By acting Pi to the initial state, we can 
get the final state \<pi) = Pi|(/)) = -lj(^a|01) + 

^^ajlO) + /?|11)) with the normalization condition 

A 



= 2 



The concurrence of the final state 



as 



Ci 



2(Ai-f i/)2 



(10) 
1) is obtained 

(11) 



Taking the transition operator as P2 



can obtain \(j>2) = P2I 



J , we 
alOl) + 



a 1 10)). The concurrence of \(p2} is same with 0i, 
namely, Ci — C2 with range from to 1. 
(b) Choose the transition operator 

P3 = J', (12) 

we can obtain the final state [cj)^) = --i=[a(— 100) -I- 

|11)) - ^~+~'^ ;g(|01) - |10))]. Utilizing the normaliza- 
tion condition, the concurrence is gotten as 

C3=C=\a^-P% (13) 
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which is the same with the concurrence of the initial 
state in Eq. ([T]). That is to say, the transition opera- 
tor can not change the entanglement degree of the 
initial state. 

(ii) The reduced Y{sl{2)) 

(a) When we take the transition operator 

Pi = Y+, (14) 

which is composed of the reduced Yangian Y{sl{2)) 
generators. By acting P4 to the initial state, we will 
obtain the final state {(jji) = ^(f-^alOl) 
The corresponding normalization condition leads to 



ir 



(15) 



The concurrence of the final state [^4) is 

C4 = 0, (16) 

When P5 = , the final state yields l^s) = 
■^(C/3|00) +^^^Q!|10)). We can obtain the same con- 
currence of the final state |05) with C4. So we can 
obtain that the reduced Yangian can make the 
initial state disentangled. 

(b) If we choose the transition operator 

P6 = Y^ 



corresponding to the final state j^g) 



71^ 



(17) 



|11)) + /3(|01) - |10))]. Utilizing the normalization 
condition, the concurrence is gotten as 



Ca^C 



(18) 



which is the same with the concurrence of the initial 
state in Eq. ([T]). That is to say, the transition opera- 
tor Y^ can not change the entanglement degree of the 
initial state too. By comparing the effects of the tran- 
sition operators of the general and reduced Yangian 
on entanglement, we find that the reduced Yangian 
operators {Y'^ and F~)make the initial state disen- 
tangled directly, but the general Yangian operators 
can not. In addition, through carefully observing, we 
find that a is the parameter of |00) and |11) at first, 
but become the parameter of |01) and |10) after ac- 
tion of Pi, P2, Pi and P5, namely, these four operators 
can make the transformation happen between states. 
However, there is not so transformation for P3 and Pg. 
J"*" and Y~^ make /3 transition to |11), not |00). How- 
ever, the same case, J~ and Y" make P transition to 
1 00), not 1 11). By above different transition cases, we 
can fully understand the transition effect of Yangian 
Y{sl{2)) operators. 



III. THE REDUCED Y{su{3)) ALGEBRA 

The subalgebra of F(su(3)) is Lie algebra sm(3), 
which we have been familiar with the sm(3) symme- 
try of elementary particles [H, [11]. sm(3) generators 



are defined by [F"-,F''] = ifabcF" ( a, 5, c = 1, 2, 
8), where the structure constants fabc are anti- 
symmetric /i23 = l,/458 = /678 = ^,/l47 = /246 = 

hbi = /345 = -/i56 = -/367 = \- The 3-dimensional 
representation of su(3) is formed by the well-known 
Gell-Mann matrices, i.e., 



A" = 2P", {A°,a = l,2,- 



(19) 



Now we can introduce the shift operators 

/± = F^±iF'^, = F^±iF\ = F'^TiF^ 

F' = F\ 



r = -^P^ = /*, [Y ~ hyper charge) 

(20) 



and the notations 



1/3+ 3 8 

2 4 ' 



i/3 _ 

2 4 



i^^\y 



(21) 



where U (C/^^ = ±,3), V {V\i ^ ±,i) and Q are 
called the J7-spin, F-spin and the charge operator re- 
spectively. And it is easy to check that [W,Q] — 0, 
but there is no the same property between y-spin and 
/-spin. 

The fundamental representation of local su(3) is 
given by 




U+ 



1 0' 
/3 = 1 I -1 




/O 1 0\ 

/+ = 

Vo 0/ 

/O 0\ 

y+ = 
Vi 0/ 

/I \ 
y^i 1 , 
Vo -2/ 

(22) 

and /-=(/+)+, C/- = (f/+)+, V- = (y+) + . 

For the system of two particles, we can define the 
operators of Y{su{Z)) as follows: 



i 



y = 



iX 



(«,J = 1,2). 



(23) 



Here 1°" form a S\J(?>) algebra characterized by /afcc, 
{P°, a = 1, 2, • • • , 8} form a local su(3) on the i site 
and they obey the commutation relation 



\Ft.F]\=i!,,,6.,,Fl 



(24) 
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/i, i^, A are parameters or Casimir operators and 
{coij = —ujji) which satisfies 

f 1, if i> j 
uJij = <^ -1, if i < j . 

[ 0, if t = j 
Ea. (P5)) plays an important role in explaining the 
physical meaning of the representation theory of 
Chari-Pressley 34 1 through more calculation (ssj . 



If we take the similar matrix as 



If we take the condition ^v—-^, in terms of the 



notations 



= Y^±iY^, jj^ = Y^±iY\ = Y*±iY^ 



Y^ 



V3 



(25) 



we can directly calculate and obtain 

(Y)2 = i. 
^ ' 3 



(26) 



A = 



/I 























1 





V 





_ A 
2 























V 











A 

2 











A 
2 





V 





























1 





























V 





A 
2 











A 
2 











V 























A 

2 





V 





Vo 























1/ 



and its inverse matrix A ^ can be obtained easily, thus 
we can obtain 



/3 = A-^PA 



j8 ^ A'^PA 



■P ■ 

/3 

. p. 

'P ■ 

0/^0 

. p. 



In the following we get the commutation relations 





= 2/3 




= [/±,/8]=0 




= ±/± 








= ±{/± 








= tv^± 




= 2U^ 








= 21/3 




= ±U^ 
















-0, 







(27) 



A-^I-A 



U+ = A-^U+A = 






aC/+ 
. a-U+ 

'U- 
a-^U- 
, aU- 



(31) 



where = -i/3 + |/8 and = _ i/3 _ |/8^ r^j^gy 
are similar with the commutation relations of the I- 
spin, ?7-spin, and l/-spin. 

Setting X the eigenvalue of P , then \xE — P\ =0 
with E a unite matrix and its solutions are 



1 



Xl = 0, X2,Z = ±-, 



XA5 = ± 



2(/i + I/) 



- 2llV + _ _^2^ 



4 4(/i + v) 

xs,9 = -7 ± \ Vm" - 2/xz. + _ A2(28) 
4 4(^ + z/) 



A 

By taking /ii^ = — ^ , we can get 



a;i,2,3 = 0, X4,5,6 = ^, 2:7,8,9 = (29) 



'a-v+ 


. aV^ 




where a = u — ^. In virtue of a similar transforma- 
tion, we can reduce the eight 9x9 matrix to the three 
3x3 block diagonal, so it is marked as the reduced 
Y{su{3)) algebra in this case. Taking the correspon- 
dence 



V+^aV+, V- 



'V- 



Eq. (|27|) will get the same result, that is, the Yangian 
algebra we discussed hides a u(l) algebra. 
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TABLE I: The general Yangian in decay channels. 



following the results. 





p 




C fin 


decay 


|7?)=ai|77"')+«2|^"> 


/+ 


M 


Ci 


•q TT'^n^ 




i- 


M 


Ci 


rj ■k'^tt^ 




U+ 


M 


Ci 


T) K^^K° 




LJ- 


M 


Ci 


T) ^ K°K° 




V+ 


M 


Ci 


ri K+R- 




v- 


M 


Ci 


ri -> R+R- 




p 


M 


Logs 2 






p 


\v&) 


Logs 2 





IV. THE APPLICATIONS OF Y{su{3)) 
ALGEBRA IN THE MIXED LIGHT 
PSEUDOSCALAR MESON STATE rj 

The 77 and rj mesons play the important role in low 
energy QCD. rj — rj mixing system is one of the most 
attractive problems all along j^^, l36l - [38| . Hence we 
choose the superposition of singlet and octet of su(3) 
as the initial state 



a2\ij 



(32) 



where ai and 02 are the normalized real amplitudes 



and satisfy a\ 



= 1. 



\dd) +2\ss)). 



\dd) + \ss)), ^0) = ^^{~\uu) 

As is known, the entanglement degree of the genuine 
N-particle qutrit pure state [s^ is measured by its 
mean entropy (40j 



(N) 



1 Y^JV r. 
iV 1^1=1 '-'( 



if S*, 7^ V i 
otherwise 



(33) 



where Si = —Tr{{pg,)iLog3{p^)i) is the reduced par- 
tial Von Neumann entropy for the ith particle only, 
with the other A^ — 1 particles traced out, and (p*)^ is 
the corresponding reduced density matrix. The sys- 
tem we discuss here is bipartite qutrit, N = 2. Thus 
the entanglement degree of the initial state \ri) can be 
gotten as 



^^/3 



^/3 ^ V6' 



ai 



2a 



2 x2 



V3 V6 ' 



(34) 



The value of C,>,, has been discussed in detail with 



range from to 1 [27 1. 

To illustrate the effects of every generator of Yan- 
gian y(sM(3)) on the initial state, we will take the 
following operators as the transition operators in the 
general and reduced Yangian cases respectively. 

(i) The general Y{su{i)) 

Every general transitions operator of Y{su{?,)) is 
applied to the initial state, then we can obtain the 



1 



V3 V&U^ + v 



2' 



1%; 



U+\rj) 

X. 
2' 

U-\rj) 



\V5) 



\V6) 



[(iy+-)\urs 



[(^+^)ld.- 

^V+\rj) - 

A. 
2- 

V-\fj) 
[{ji - ^)\us 

, Oil 2q;2. 2 
^^3 ^/6^3 



, Oil 


"2 1 






i} + {jl 


^ W 7-\l 




2a2 1 
%/6 M + i' 


V " 


> + {'^ 


+ 2)1^^')]' 


ai 




V3 


) + (m 


^\\ J\l 
- 2)1^^)]' 


( 


"2 ^ 1 


^V3" 


> + (m 




/ Oil 


2a2 1 




V6 ji + i^ 


"> + (i" 




ai 


7!^2^'""^- 


V3 


ai 


71^3^'""^ + 





ss) 



(35) 



The results mentioned above are summarized in Table 
I. We can note that the entanglement degrees of the 
finial states are the same after the actions of the oper- 
ators /±,C/± and V^. Ci = -(/i- |)2iog3(/i- |)^- 
(ly + ^fLog^{v + D^, with {ji - |)2 + [v + = 1. 
As we can see, by changing the value of ji and A, 
the entanglement degree C can be tuned (due to the 
normalization condition, v is not an independent pa- 
rameter). The behavior of Ci depends on ji for the 
case of A = 2, as shown in Fig. 1. It is worth noting 
that the maximum value of Ci is Log32. In addition, 
we can find that the entanglement degrees of the finial 
states are same and the maximum value of Ci after 
the actions of the operators and P. 
(ii) The reduced Y{su{3)) 

Every reduced transitions operator of Y{su{S)) is 
applied to the initial state by the same way, then we 
can obtain the following the results. 

\Vi)-I+\v)=r'{^-^)\du) 
1 ai oi2 



6 





FIG. 1: (Color online) The evolution of the entanglement 
degree Ci varies with fi, given A = 2. 



TABLE II: The reduced Yangian in decay channels. 



7+ 

r 

u+ 
tj- 
v+ 
V- 
p 



l'?2> 
1%) 

1%) 
1%) 
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c 



fin 










Logs2 
Logs 2 



decay 



TV 
7V+ 

K° 

K+ 
K- 



l^;) = £'+h)=r'(^ + ^)N> 

\v4) = u-\v) = r'{^~^)\ds) 

\v,)=V+\rj)=r\^~-^)\us) 
\rj;)^P\rj)^{^^^)^i\uu)~\dd)) 



1%) = Ph) = (-^ - ^){l\uu) - l\dd)) 



2 ai 2a2,| , 



^ 18 I8V2 



>-( 



7ai 
I8V2 



36 



+ ( 



5q;i 



5a2 



6\/6 I2V3 



(36) 



These results are summarized in Table II. Table II 
can show the effects of the reduced Yangian genera- 
tors. From the above Table II, to our surprise, we 
find that the reduced Yangian generators (/^,C7^ and 
V^) make the initial state disentangled, however, 
and can not change the entanglement degree of the 
initial state in the case of the normalization condition. 
By comparing the effects of the general and reduced 
Yangian generators based on their transition effect on 
the entanglement of the initial state, we can find eas- 
ily the difference of the transition effect between the 
general and reduced Yangian generators by Tables I 
and II. 



V. CONCLUSION 

In this paper, we have studied the applications of 
Yangian Y{sl{2)) and Y{su{3)) for quantum entangle- 
ment in the general and reduced Yangian cases. For 
F(s/(2)), we only studied the effects Yangian alge- 
bra on the entanglement. By calculating, we can find 
that the general transition operators Yangian Y{sl{2)) 
can not make the initial state disentangled, and the 
entanglement degree of the finial state is from to 
1. However, the reduced ones can make the initial 
state disentangled except Y^. It is worth noting that 
the general transition operators, and Y^ can not 
change the entanglement of the initial state. 

For Y'(su(3)), we have studied not only the change 
of entanglement degree, but also the decay channel in 
the mixed light pseudoscalar meson states. Our re- 
sults show that the general Y{su{3)) generators can 
not make the initial state disentangled, but the re- 
duced ones can make the initial state disentangled ex- 
cept P and P. In addition, we can obtain that 
1^,1^ and can not change the entanglement of the 
initial state, and the entanglement degree of the ini- 
tial and final states are Log-^l with the normalization 
condition. Moreover, some hadronic decay channels of 
pseudo-scalar mesons can be reformulated under the 
framework of Yangian by acting transition operators 
consisting of generators of Yangian y(su(3)) on the 
initial state. 

Now a question put forward; can we use this 
method to su{n)7 To our knowledge, this problem 
has not been discussed in this thesis. But we can sur- 
mise that for Y{su{n)) the matrices of the generators 
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Y can be written as n pieces of n x n matrices, fur- 
thermore each pieces is formed by the consequently 
generators of su{n). Consequently, it is of interesting 
area how to generalize the idea in Y(su{n)), which 
makes the system contact with physical application. 
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